Frédéric Dau, Olivier Polit, Maurice Touratier. An efficient C1 finite element with continuity requirements for multilayered/sandwich shell structures. Computers and Structures, Elsevier, 2004, 82 (23-26), pp.1889-1899. 10.1016/j.compstruc.2003 An efficient C 1 finite element with continuity requirements for multilayered/sandwich shell structures This paper deals with a new triangular finite element to analyze the behaviour of multilayered shells. This element is based on a refined kinematical model and uses both conforming finite element method and higher-order approxima-tions. Including a nonlinear distribution with respect to the normal co-ordinate for the transverse shear stresses and continuity requirements between layers for both transverse shear stresses and displacements, this model does not require any shear correction factors. Moreover, it allows to satisfy the boundary conditions at the top and bottom sur-faces of the shell. Various strain expressions available for shells are discussed. Although the program is able to calculate arbitrary shell shapes, present shell element performances are evaluated here in comparison with available analytical tests issued from literature. The present finite element shown very good responses on the classical shell test: pinched cylinder, pinched hemispherical shell, Scordelis-Lo roof. Finally, results in linear static, free vibrations and transient dynamic response for multilayered shells show the efficiency of this new shell finite element.
Introduction
Multilayered beam, plate and shell models are needed in structural mechanics for analyzing, dimensionning and designing this kind of structures, see for example the review paper [1] . In the field of multilayered shells where transverse shear stress effects are of great importance, many high-order shell theories exist, see for example [2] [3] [4] [5] [6] [7] [8] , but few numerical tools have been developed.
In the recent literature, a layer-wise technique has been used to develop a triangle finite element based on condensation technique at the pre-processing level in order to reduce the computational cost [9] . A three-dimensional shell element is presented by Klinkel [10] . These numerical tools are not pure structural models and suffer of the classical shear and membrane lockings.
The aim of this work is to present a new finite element, simple to use, free from classical numerical 1 pathologies and very efficient in computing both displacements and stresses for multilayered shell applications. This new C 1 shell finite element is based on the refined model given in [3] which incorporates:
• a cosine distribution for the transverse shear strains avoiding the use of shear correction factors; • the continuity conditions between layers of the laminate for both displacements and transverse shear stresses; • the satisfaction of the boundary conditions at the top and bottom surfaces of the shell; • the use of only five independent generalized displacements (three translations and two rotations),
From a previous work on multilayered plate finite element [11] , a new shell finite element has been developped using both conforming finite element method and high-order finite element approximations: Argyris interpolation for the transverse displacement and Ganev interpolation for membrane displacements and transverse shear rotations.
Some unavoidable geometric shell considerations are firstly presented to introduce necessary tools for shell description. In the second part of this paper, the shell model based on a refined kinematical approach is developed. The third part deals with different strain tensors which can be deduced from the displacement field. These shell models are evaluated using an analytical approach for a simply supported cylindrical shell panel under sinusoidal pressure. The next part is dedicated to finite element approximations corresponding to the above refined model. Finally, some linear static tests for multilayered plates and shells are described. Linear free vibration and transient dynamic responses are achieved in order to show the efficiency of this new finite element. It must be noticed that this efficiency is demonstrated for both convergence velocity and accuracy for displacements and stresses.
Geometric considerations
The shell C with a middle surface S and a constant thickness e is defined by:
where the middle surface is described by a mapŨ from a bidimensional domain X as: 
where curvature tensor is defined by b 
Finally, the contravariant vectors are constructed from the covariant ones using the following equations:
All these relations are classic and it is not necessary to give more details in order to obtain the ChristoffelÕs symbols and other differential geometric entities, see Bernadou [12] .
The shell model
In order to define different shell models in this work, the displacement field is firstly introduced. Next, the methodology permitting to ensure interlayer continuity conditions and satisfaction of the boundary conditions at the top and bottom surfaces of the shell is presented. Finally, several strain models are presented according to some usual assumptions.
The displacement field
From Béakou and Touratier [13] , the displacement field of a shell point, in each elastic layer denoted (k), is defined for a general doubly curved shell with respect to the contravariant base vectorsã i by: for i = 1, 2, 3, 4, introduced in Eq. (8) , are determined from the boundary conditions on the top and bottom surfaces of the shell, and from the continuity requirements at each layer interfaces for displacements and transverse shear stresses, see [13] for detail calculations.
In each layer (k) th layer, strains and stresses are respectively denoted by ðkÞ ij and r ðkÞ ij . Furthermore, the transverse normal strain 33 is negligible according to the moderately thick shell hypothesis. The material behaviour is admitted linearly elastic and the shell lamination may be nonsymmetric and having angle ply layers.
The present Sinus model, called (SIN-C), allows analyzing effects of interlayer requirements.
Classic shell models can be derived from this formulation:
• the present Sinus model without interlayer continuity (SIN):
Hereafter, the superscript (k) for u ðkÞ a components is omitted in order to lighten notations.
The strain field: general expressions
The strain tensor is expressed with respect to the contravariant base vectorsã i and after some algebraic manipulations, the strain components are deduced as: (9) to characterize the mechanical effects:
where the notation v ajb stands for the covariant derivative with respect to the n b curvilinear co-ordinate.
At this stage, no assumption is carried out on the strain components: the coefficient 1/l which depends on the transverse co-ordinate z and curvature tensor components and all terms coming from the displacement field are preserved in the transverse shear strain expressions. This model is called the complete model.
The strain field simplifications
From the general strain field expressions, some simplified strain models can be expressed according to continuity requirements and geometric considerations.
SIN-C: Sin model with continuity requirements
This model is deduced from the complete one and the transverse shear strains are simplified to ensure continuity requirements: 
This geometric assumption, introduced by Love [14] , is often called the shallow shell hypothesis in literature. In this case, only the term v 3jab influences the 
SIN-C/Love + Donnell
The strain components are those used in SIN-C/Love model with the expression of the transverse shear strain following Donnell assumption: c Geometry: R moy = R = 10, / = 60°, a = R/, S = R/e = 4, 10, 50, 100. The panel is supposed infinite along the x 2 = n 2 direction.
Material properties: homogeneous or three layers of same thickness (0°, 90°, 0°) are considered using the following properties for a layer in orthotropic axes:
Loading: a single sinusoidal pressure along the curvature is imposed
Boundary conditions: the cylindrical panel is simply supported along its straight edges (see Fig. 1 ).
Analytical approach
In this paragraph, the bending of a cylindrical panel described above is considered using a plane strain state in the (x 1 , x 3 = z) plane, see Fig. 1 . Therefore, from Eq. (6), the generalized displacements to be considered are: v 1 , v 3 and b 1 = h 2 from which the strains can be deduced according to the assumptions made in Sections 4.1-4.4. For the different shell models presented above, the strain components are summarized in Table 1 . In these expressions, b
The boundary value problem is derived from the associated weak form as: C 55 are the bidimensional elastic moduli of the material, taking into account the zero transverse normal stress assumption r 33 = 0.
The closed form solution is deduced introducing the generalized displacements under the following form:
which satisfies both the boundary conditions and the equilibrium equations derived from Eq. (12) . k ¼ 3 R and s stands for n 1 in the above expressions.
The homogeneous case
This section deals with the homogeneous Ren panel case [15] and two numerical evaluations are conducted: the first one is dedicated to the influence of the 1/l approximation and the second one deals with an evaluation of the previous shell models on the homogeneous Ren cylindrical shell panel.
Influence of 1/l approximation
For the SIN-C model, the influence of various approximations on the factor 1/l function of the coordinate z, is studied. Table 2 presents results obtained with three kinds of approximation: first, third and fifth order development of 1/l(z). Nondimensionalized normal transversal displacement v 3 , membrane/bending stress r 11 and transverse shear stress r 13 , as in [15] , are given for different ratios S ¼ R e
. We can observe that the solution is not significantly improved when the degree of approximation increases. Therefore, in order to simplify analytical calculations, the first order approximation for 1/l factor is kept.
The models introduced in the above section with strain components given in Table 1 are now evaluated using the first order approximation excepted for the SIN-C/Love one which is based on the assumption 1 AE zb b a $ 1.
Analytical results for different shell models
Based on the Ren cylinder test described in Section 5.1, this part permits to evaluate the behaviour of the different shell models, described above in Sections 4.1-4.4.
Nondimensionalized results for v 3 , r 11 , r 13 are summarized in Table 3 . In this table, ratio S = R/e = 4 is very constraining because the validity of a shell model can be Table 1 The Ren cylindrical shell panel: the strain tensor components for different shell models
Model
Strain tensor components discussed. Nevertheless, we can observe a good agreement for this ratio with reference values. SIN-C/Donnell and SIN-C/Love+Donnell models are very penalyzing for both transverse displacement and stresses due to the transverse shear strain expression, see Sections 4.3 and 4.4.
For the SIN-C/Love model, relative error in comparison with SIN-C model varies from 6.5% to 5.5% for the transverse displacement and from 3.6% to 2.7% for the transverse shear stress. Moreover, SIN-C/Love overestimates the normal transverse stress in comparison with SIN-C model.
From Table 3 , the more homogeneous results for deflexion and stresses are obtained with the SIN-C model, which is used later in this paper.
The multilayered case
SIN, SIN-C and RM-N, for Reissner-Mindlin-Naghdi, models (see Section 3.1) are now evaluated in the case of the multilayered Ren cylindrical panel with geometrical and mechanical properties as given in Section 5.1. Results on this evaluation are summarized in Table  4 . The first order approximation for 1/l is conserved as discussed above.
The efficiency of the SIN-C model which takes into account continuity requirements for the displacement and for the transverse shear stresses, and does not need any shear correction factor, is obvious in Table 4 . Distribution of the transverse shear stress r 13 is shown on Fig.  2 where continuous lines stand for interlayers.
The triangular six node finite element
The discrete formulation of the boundary value problem for shells is deduced from the standard functional:
In Eq. (14), [X e is the triangulation of the multilayered structure and [C e is its edges. In addition,ũ h is the 6 finite element approximation of the displacement field u given by Eq. (6) andũ Ãh is the finite element approximation of the corresponding virtual velocity fieldũ Ã . Linear functions f and F represent the body (including inertia terms) and surface loads. The superscript h introduced in Eq. (14) which indicates the finite element approximation, is also used for the finite element approximation of the generalized displacements v h i and h h a defined in Eq. (6).
The finite element approximations
The geometry is approximated using the classic linear three node triangle. The geometrical transformation using an explicit mapŨ is illustrated in Fig. 3 .
In a conforming finite element approach, the displacement field, given by Eq. (6) requires that v 3 has to be approximated by a C 1 -continuous function, while the other generalized displacements v a and h a require a C 0 -continuous. Therefore, Argyris [16] finite element approximation is used for the deflexion and Ganev [17] for the other generalized displacements. Note that the Argyris interpolation is exactly of continuity C 1 and the Ganev interpolation involves a semi-C 1 continuity. The degrees of freedom (dof) associated with this kind of finite element in the local curvilinear base vectors are:
• at a corner node: 
• at a mid-side node:
where p ,n is the derivative of p = (v i , h a ) with respect to the normal direction n of the edge of the element Then, having derivatives in the previous set of degrees of freedom, the following methodology is used to prescribe kinematic boundary conditions for the previous derivative degree of freedom (dof).
For a given p function and a boundary condition such that p(n 1 = 0,n 2 ) = 0, "n 2 , the first order derivatives can be expressed using the derivative definition:
The same procedure can be used for the second order derivative dof and Table 5 gives the synthesis of the prescribed dof for Argyris and Ganev finite element approximations. In this table, 0 indicates that the degree of freedom must be fixed, while 1 means that it is free. When the degree of freedom does not exist, we write -.
The elementary matrices 6.2.1. Elementary stiffness matrix
The elementary stiffness matrix ½K e is obtained by computing the bilinear form given in Eq. (14) at the elementary level as: Fig. 3 . Geometrical transformation using explicit map.
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To develop Eq. (18), the classic orthotropic elastic constitutive law, using matrix notation, has been introduced as:
where ½r h e is the matrix of stress components and ½ C ðkÞ the matrix associated with the bidimensional moduli of the material for the k th layer taking into account of the zero transverse normal stress hypothesis.
Using the displacement fieldũ in Eq. (6) and the strains defined in Eq. (9), the matrix [B e ] can easily be deduced and contains all the functions depending on z co-ordinate. The matrix ½E h e , identically for ½E Ãh e adding the asterisk superscript, which may be seen as a generalized strain matrix is given by:
. . . .
. .
The finite element approximations, defined at the above Section 6.1, are directly used to express the matrix ½E h e as a function of the degrees of freedom vector [Q e ] at the element level (see Eqs. (18) and (20)).
Finally, [A e ] contains the linearly elastic material behaviour matrix for a multilayered shell which results on the integration with respect to the thickness coordinate.
Elementary mass matrix
The consistent elementary mass matrix [M e ] is immediately computed, using the same method as for the stiffness one, and we have:
In this equation, ð€Þ ¼ o 2 ð Þ=ot 2 and q e is the mass density of the element X e .
Finally, the load vector is similarly deduced and there is no need to develop its expression.
All the elementary matrices presented here are exactly integrated using 16 points.
Numerical evaluations
This new finite element has already been evaluated on classical shell tests for homogeneous shell structures [18] and very good results have been obtained but no detail is given here. This section is dedicated to numerical evaluations of this new finite element on multilayered structures.
The aim of the numerical tests is to characterize accuracy and convergence properties for both displacements and stresses for some multilayered shells where reference solutions are available. As indicated before (see Section 3), the Sinus model with continuity requirements (SIN-C) permits recovering other classical models specifying expressions for f a (z) and g i (z) (k) for i = 1, 4. Numerical developments associated to the present six node triangular finite element, denoted GAG (for GanevArgyris-Ganev finite element approximations), give the opportunity to compare various models.
Static linear test on a cylindrical shell panel
Numerical results are presented in this section for a simply supported cross-ply cylindrical shell panel, see Fig. 4 . The geometry of this cylindrical panel is defined by means of its radius R, its length b, its circumferential length a. Geometrical, material and loading properties have been chosen as follows:
Geometry: R = 10, ratio b/a = 3 and two ratios R/a = 1, 4 defining respectively deep and shallow shells are considered. The thickness e is defined by means of two ratios a/e = 5, 10.
Boundary conditions and loading: this cross-ply cylindrical shell panel is simply supported at its edges, and is subjected to a transverse doubly sinusoidal load.
Material properties: the shell has got three layers (0°, 90°, 0°) of equal thickness and the lamina material properties are taken from Ref. [19] and given in Section 5.1.
Results: the mesh N = 4 with 760 dof is used and results are given for v 3 (a/2, b/2, 0); r 11 (a/2, b/2, Àe/2); r 22 (a/2, b/2, e/6); r 12 (0, 0, Àe/2); r 13 (0, b/2, 0); r 23 (a/ 2, 0, 0).
The first result is about the convergence velocity of the present element. Relative deviations for deflexion and stresses with respect to the 3D elasticity solution [20] are plotted in Numerical results obtained with the present finite element (mesh N = 4, 760 dof) are compared in Table 6 with the elasticity solution given by Huang [20] .
Results from the present finite element are in good agreement with elasticity solutions for both transverse displacement and stresses, and the effect of the continuity condition is very significant. For the most difficult case, R/a = 1 and a/e = 5 which is a deep thick shell, numerical results present the following deviations in comparison to the elasticity solution: À6.% for the transverse displacement, (3., À7., À5.)% for the stresses (r 11 , r 22 , r 12 ), and finally (À2., À12)% for the transverse shear stresses (r 13 , r 23 ).
Free vibration tests
A simply supported two-layer cross-ply cylindrical panel is considered and the first dimensionless natural frequency is compared with an analytical value given in [21] . Characteristics of this cylindrical panel are as follows:
Geometry: a rectangular shell with R = 4., a = 2. and different ratios L/a = 1, 2, 3, 4, 5 are considered, where L is the straight edge length. The thickness is given by e = 0.1.
Boundary conditions: this cross-ply cylindrical shell panel is simply supported at its edges.
Material properties: two layers (0°, 90°) of equal thickness are considered and the lamina material properties are taken from [19] given above in Section 5.1.
Results: the lowest frequency parameter is given.
Results shown in Table 7 are in good agreement with the reference solution. One can observe that the Kirchhoff-Love-Koï ter (KL-K) model overestimates the first natural frequency for all the ratios while RM-N model underestimates this natural frequency. Deviations with respect to the analytical solution never exceed 2%. Geometrical and material characteristics of this cylindrical panel, see Fig. 6 , are as follows:
Geometry: a rectangular shell with R = 10., ratio b/ a = 3. and ratio R/a = 1, is considered. Ratio a/e = 10 is used in this case.
Boundary conditions and loading: this cross-ply cylindrical shell panel is simply supported at its edges, and is subjected to an impulsive normal load at its center.
Material properties: the shell has got three layers (0°, 90°, 0°) of equal thickness and the lamina material properties are taken from Pagano [19] given above in Section 5.1.
Transient responses have been achieved on this multilayered panel. For each simulation, the results are in good agreement in comparison with 3D solid or shell finite element computations from Ansys Software [22] .
The transient responses given by the present element and Shell93 element from Ansys Sofware are compared in Fig. 7 . For this simulation, the arbitrary Rayleigh damping factor value is b = 0.001. A good agreement for the global dynamic responses of the panel is observed. On the other hand, Fig. 8 shows the evolution of the dynamic response when arbitrary Rayleigh damping factor increases. Responses are in agreement with theoretical results again. Finally, these first investigations in dynamics are very encouraging for future work, especially for impacts and damage studies in dynamics.
Conclusions
In this paper, a new triangular finite element has been presented to analyze multilayered shells in static and dynamic.
A discussion on various assumptions at the strain level was firstly presented in order to clarify the influence of classical strain simplifications and truncatures. The refined shell theory used, which contains only five independent generalized displacements, allows satisfying exactly all the boundary conditions at the top and bottom surfaces of the shell and the interlaminar continuity for displacement and stresses. Furthermore, this shell model involves nonlinear distributions displacements and stresses, avoiding the use of transverse shear correction factors.
On the other hand, a conforming finite element method has been used to define a new finite element based on higher-order polynomia approximations for the generalized displacements. Several tests have shown its efficiency for both convergence velocity and accuracy for displacements and stresses.
Present works have recently been followed by the introduction of a moderately large transverse displacement (Von-Karmann assumptions) for geometrically nonlinear applications.
